Massive Conformal Gravity by Faria, F. F.Centro de Ciências da Natureza, Universidade Estadual do Piauí, 64002–150 Teresina, PI, Brazil
Research Article
Massive Conformal Gravity
F. F. Faria
Centro de Cieˆncias da Natureza, Universidade Estadual do Piauı´, 64002–150 Teresina, PI, Brazil
Correspondence should be addressed to F. F. Faria; felfrafar@hotmail.com
Received 19 June 2014; Revised 23 November 2014; Accepted 24 November 2014; Published 14 December 2014
Academic Editor: Luis A. Anchordoqui
Copyright © 2014 F. F. Faria. This is an open access article distributed under the Creative Commons Attribution License, which
permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. The
publication of this article was funded by SCOAP3.
We construct a massive theory of gravity that is invariant under conformal transformations. The massive action of the theory
depends on the metric tensor and a scalar field, which are considered the only field variables. We find the vacuum field equations
of the theory and analyze its weak-field approximation and Newtonian limit.
1. Introduction
The study of massive gravity started with Fierz and Pauli [1],
who constructed an action describing a free massive spin-2
particle in flat spacetime. It was realized later that the Fierz-
Pauli theory coupled to a source is different from linearized
general relativity in the massless limit [2, 3]. This is known
as the van Dam-Veltman-Zakharov (vDVZ) discontinuity. In
order to cure this discontinuity, Vainshtein proposed adding
nonlinear effects to the Fierz-Pauli theory [4].TheVainshtein
theory, however, has an extra degree of freedom known as
the Boulware-Deser (BD) ghost [5]. Some nonlinear massive
gravity theories developed recently [6, 7] eliminate the BD
ghost but give rise to unstable cosmological solutions [8].
The solution of this problem leads to massive gravity theories
where the Lorentz invariance is broken [9].
It is well know that the theories of elementary particles
are invariant under Lorentz transformations. In addition,
these theories present local conformal symmetry. Similarly,
it is reasonable to expect that the gravity theory be invariant
under coordinate transformations and conformal transfor-
mations. The usual procedures to obtain a conformally
invariant gravity theory are either to adopt the Weyl action
[10] or the Einstein-Hilbert action conformally coupled to a
scalar field [11]. Several works based on the Weyl action have
been carried out in the literature (see, e.g., [12–14]).
In this paper we address a conformally invariant massive
gravity theory based on both the Weyl action and the
Einstein-Hilbert action conformally coupled to a scalar field.
In Section 2we construct themassive conformal gravitational
action and derive the vacuum field equations of the theory. In
Section 3 we investigate the limit of the theory in which the
fields are weak. In Section 4 we find the Newtonian limit of
the theory. Finally, in Section 5 we present our conclusions.
2. Massive Gravity with Conformal Invariance
A conformal transformation is a change of the spacetime
geometry that alters the length scales. The conformal trans-
formation of the spacetime metric is defined by
𝑔𝜇] = 𝑒
2𝜃(𝑥)
𝑔𝜇], (1)
where 𝜃(𝑥) is an arbitrary function of the spacetime coordi-
nates.With the help of (1), it is possible to verify that theWeyl
tensor
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is conformally invariant, where 𝑅𝛼
𝜇𝛽] is the Riemann tensor,
𝑅𝜇] = 𝑅
𝛼
𝜇𝛼] is the Ricci tensor, and 𝑅 = 𝑔
𝜇]
𝑅𝜇] is the scalar
curvature.
The square of the Weyl tensor leads to the unique
gravitational action constructed out of the metric tensor only
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that is invariant under conformal transformations. It is given
by
𝑆𝑔 = −
𝛼
2𝑘𝑐
∫𝑑
4
𝑥√−𝑔 (𝐶
𝛼𝛽𝜇]
𝐶𝛼𝛽𝜇]) , (3)
where 𝛼 is a dimensionless constant and 𝑘 = 16𝜋𝐺/𝑐4
(𝐺 is the gravitational constant and 𝑐 is the speed of light
in vacuum). The Weyl action (3) is of fourth order with
respect to the metric derivatives. However, by introducing a
scalar field it is possible to construct conformally invariant
gravitational actions having at most second order derivatives
of the metric. The simplest of such actions reads as
𝑆𝑔 =
𝛽
2𝑘𝑐
∫𝑑
4
𝑥√−𝑔 (𝜑
2
𝑅 + 6𝜕𝜇𝜑𝜕
𝜇
𝜑) ,
(4)
where 𝛽 is a dimensionless constant and 𝜑 is a scalar field that
transforms as
𝜑 = 𝑒
−𝜃
𝜑
(5)
under a conformal transformation. Note that action (4) is
invariant under conformal transformations after the appro-
priate integration of the boundary term [15].
Actions (3) and (4) are the main candidates to form a
massive gravitational action with conformal symmetry. In
analogy with other massive theories, it is expected that the
mass term of a massive gravitational action be of lower order
with respect to the metric derivatives than the massless term
of the action.Thus a natural choice of a conformally invariant
massive gravitational action is given by
𝑆𝑔 = −
1
2𝑘𝑐
∫𝑑
4
𝑥√−𝑔 [𝛼𝐶
𝛼𝛽𝜇]
𝐶𝛼𝛽𝜇]
−𝛽𝜆
−2
(𝜑
2
𝑅 + 6𝜕𝜇𝜑𝜕
𝜇
𝜑)] ,
(6)
where 𝜆 = ℏ/𝑚𝑐 (ℏ is the Planck constant and 𝑚 is the
graviton mass).
Varying action (6) with respect to 𝑔𝜇] and 𝜑 in vacuum,
we obtain the field equations
2𝛼𝑊𝜇] − 𝛽𝜆
−2
[𝜑
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𝐺𝜇] + 6𝜕𝜇𝜑𝜕]𝜑
−3𝑔𝜇]𝜕𝜌𝜑𝜕
𝜌
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2
− ∇𝜇∇]𝜑
2
] = 0,
(7)
◻𝜑 −
1
6
𝑅𝜑 = 0, (8)
respectively, where
𝑊𝜇] = ∇
𝛼
∇
𝛽
𝐶𝜇𝛼]𝛽 −
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2
𝑅
𝛼𝛽
𝐶𝜇𝛼]𝛽 (9)
is the Bach tensor,
𝐺𝜇] = 𝑅𝜇] −
1
2
𝑔𝜇]𝑅 (10)
is the Einstein tensor, and
◻𝜑 = ∇𝜌∇
𝜌
𝜑 =
1
√
−𝑔
𝜕𝜌 (√−𝑔𝜕
𝜌
𝜑) (11)
is the generally covariant d’Alembertian for a scalar field.
The field equations (7) and (8) are rather intricate, and it
is not easy to find any simple solution of these equations.
However, the Newtonian limit of the theory yields a simple
and interesting solution, as we will see in Section 4.
3. The Weak-Field Approximation
By imposing the weak-field approximations
𝑔𝜇] = 𝑔
(0)
𝜇] + ℎ𝜇] = 𝜂𝜇] + ℎ𝜇], (12)
𝜑 = 𝜑
(0)
(1 + 𝜎) = √
2𝛼
𝛽
(1 + 𝜎) , (13)
to (7) and (8), and neglecting terms of second order in ℎ𝜇]
and 𝜎, we obtain the linearized field equations
𝜕𝜌𝜕
𝜌
𝑅𝜇] −
1
3
𝜕𝜇𝜕]𝑅 −
1
6
𝜂𝜇]𝜕𝜌𝜕
𝜌
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1
2
𝜂𝜇]𝑅 − 2𝜕𝜇𝜕]𝜎 + 2𝜂𝜇]𝜕𝜌𝜕
𝜌
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(14)
𝜕𝜌𝜕
𝜌
𝜎 −
1
6
𝑅 = 0, (15)
respectively, where
𝑅𝜇] =
1
2
(𝜕𝜇𝜕
𝜎
ℎ𝜎] + 𝜕]𝜕
𝜎
ℎ𝜎𝜇 − 𝜕𝜎𝜕
𝜎
ℎ𝜇] − 𝜕𝜇𝜕]ℎ) (16)
is the linearized Ricci tensor and
𝑅 = 𝜕
𝜇
𝜕
]
ℎ𝜇] − 𝜕𝜌𝜕
𝜌
ℎ (17)
is the linearized scalar curvature, with ℎ = ℎ𝜌
𝜌
= 𝜂
𝜇]
ℎ𝜇].
The linearized field equations (14) and (15) are invariant
under the coordinate gauge transformation
ℎ𝜇] 󳨀→ ℎ𝜇] + 𝜕𝜇𝜉] + 𝜕]𝜉𝜇, (18)
where 𝜉𝜇 is an arbitrary spacetime dependent vector field, and
under the conformal gauge transformations
ℎ𝜇] 󳨀→ ℎ𝜇] + 𝜂𝜇]Λ,
𝜎 󳨀→ 𝜎 −
1
2
Λ,
(19)
where Λ is an arbitrary spacetime dependent scalar field.
We may impose the coordinate gauge condition
𝜕
𝜇
ℎ𝜇] −
1
2
𝜕]ℎ = 0, (20)
which fixes the coordinate gauge freedom up to a residual
coordinate gauge parameter satisfying 𝜕𝜌𝜕
𝜌
𝜉𝜇 = 0 and the
conformal gauge condition: (We can instead impose the
unitary gauge 𝜎 = 0. These two gauge conditions give the
same classical results, as we will see in the next section.
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However, the unitary gauge is not suitable for a quantum
analysis [16], since it breaks the conformal symmetry.)
𝜕
𝜇
𝜕
]
ℎ𝜇] − 𝜕𝜌𝜕
𝜌
ℎ − 6𝜆
−2
𝜎 = 0, (21)
which fixes the conformal gauge freedom up to a residual
conformal gauge parameter satisfying (𝜕𝜌𝜕
𝜌
− 𝜆
−2
)Λ = 0.
Combining (14), (15), (20), and (21), we arrive at
(𝜕𝜌𝜕
𝜌
− 𝜆
−2
) 𝜕𝜎𝜕
𝜎
ℎ𝜇] = 0, (22)
(𝜕𝜌𝜕
𝜌
− 𝜆
−2
) 𝜎 = 0. (23)
These two wave equations describe eight degrees of freedom:
five for a massive spin-2 particle, two for a massless spin-2
particle, and one for a massive spin-0 particle.
The momentum space propagators of (22) and (23) are
given by
𝐷𝜇],𝛼𝛽 (𝑘) =
(−𝑖/2) (𝜂𝜇𝛼𝜂]𝛽 + 𝜂𝜇𝛽𝜂]𝛼 − 𝜂𝜇]𝜂𝛼𝛽)
𝑘
2
(𝑘
2
+ 𝜆
−2
)
,
(24)
𝐷 (𝑘) =
−𝑖
𝑘
2
+ 𝜆
−2
, (25)
respectively.These propagators have a good ultraviolet behav-
ior, so the standard power counting arguments can be used.
Note that we can write the propagator (24) as
𝐷𝜇],𝛼𝛽 (𝑘) =
(−𝑖/2) (𝜂𝜇𝛼𝜂]𝛽 + 𝜂𝜇𝛽𝜂]𝛼 − 𝜂𝜇]𝜂𝛼𝛽)
𝜆
−2
× [
1
𝑘
2
−
1
𝑘
2
+ 𝜆
−2
] .
(26)
Theminus sign between the two terms in brackets suggest the
presence of a negative norm ghost state in massive conformal
gravity. However, the theory might be free from ghosts if
quantized correctly according to the rules of a conformal
quantum mechanics. A similar procedure has been carried
out with PT symmetric oscillators by using the methods
of PT quantum mechanics [17]. Thus a careful quantum
analysis is necessary on this issue.
4. The Newtonian Limit
The massive conformal gravity must be completely confor-
mal. This means that the general relativistic line element
𝑑𝑠
2
= 𝑔𝜇]𝑑𝑥
𝜇
𝑑𝑥
] must be replaced by the conformally
invariant line element
𝑑𝑠
2
= (𝜑
2
𝑔𝜇]) 𝑑𝑥
𝜇
𝑑𝑥
]
. (27)
Accordingly, the interval 𝑠 between two points 𝑃1 and 𝑃2
along a parametrized timelike curve 𝑥𝜇 = 𝑥𝜇(𝜏) is given by
𝑠 = ∫
𝑃
2
𝑃
1
(𝜑
2
𝑔𝜇]
𝑑𝑥
𝜇
𝑑𝜏
𝑑𝑥
]
𝑑𝜏
)
1/2
𝑑𝜏,
(28)
where the parameter 𝜏 is identified as the proper time. The
extremization of the functional (28) gives the conformal
geodesic equation [18]
𝑑
2
𝑥
𝜆
𝑑𝜏
2
+ Γ
𝜆
𝜇]
𝑑𝑥
𝜇
𝑑𝜏
𝑑𝑥
]
𝑑𝜏
+
1
𝜑
𝜕𝜑
𝜕𝑥
𝜌
(𝑔
𝜆𝜌
+
𝑑𝑥
𝜆
𝑑𝜏
𝑑𝑥
𝜌
𝑑𝜏
) = 0, (29)
where
Γ
𝜆
𝜇] =
1
2
𝑔
𝜆𝜌
(𝜕𝜇𝑔]𝜌 + 𝜕]𝑔𝜇𝜌 − 𝜕𝜌𝑔𝜇]) (30)
is the Levi-Civita connection.
The theory presented here is independent of the gauge
choice. However, it will be easier to find the classical results of
the theory by imposing the unitary gauge 𝜑 = 𝜑0 = constant.
In this case, the conformal geodesic equation (29) reduces to
𝑑
2
𝑥
𝜆
𝑑𝜏
2
+ Γ
𝜆
𝜇]
𝑑𝑥
𝜇
𝑑𝜏
𝑑𝑥
]
𝑑𝜏
= 0,
(31)
which is just the general relativistic geodesic equation. As is
well know, the Newtonian limit of such geodesic equation
gives
ℎ00 = −
2𝜙
𝑐
2
,
(32)
where 𝜙 is the time-independent Newtonian potential.
If we choose𝜑 = √2𝛼/𝛽, for simplicity, the field equations
(7) and (8) become
𝑊𝜇] − 𝜆
−2
𝐺𝜇] = 0, (33)
𝑅 = 0, (34)
respectively. Taking into account the weak-field approxima-
tion (12) and the coordinate gauge condition (20), it is not
difficult to see that (33) and (34) lead to the wave equation
(22). For a time-independent field, the 00 component of this
wave equation reduces to
(∇
2
− 𝜆
−2
) ∇
2
ℎ00 = 0, (35)
where ∇2 is the Laplacian operator.
Substituting (32) into (35), we obtain
(∇
2
− 𝜆
−2
) ∇
2
𝜙 = 0. (36)
The solution of this equation in spherical coordinates reads
as
𝜙 (𝑟) = 𝑎 +
𝑏
𝑟
+ 𝑐
𝑒
−𝑟/𝜆
𝑟
+ 𝑑
𝑒
𝑟/𝜆
𝑟
,
(37)
where 𝑎, 𝑏, 𝑐, and 𝑑 are arbitrary constants. Since 𝜆 > 0,
the last term in (37) goes to infinity as 𝑟 → ∞, which is
unphysical. In addition, at a small distance (𝑟 ≪ 𝜆) from a
particle ofmass𝑀, the potential (37)must reduce to the usual
Newtonian potential
𝜙 (𝑟) = −
𝐺𝑀
𝑟
. (38)
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So we set 𝑎 = 0, 𝑏 = −𝐺𝑀/(1 + 𝛾), 𝑐 = −𝛾𝐺𝑀/(1 + 𝛾), and
𝑑 = 0, and (37) becomes
𝜙 (𝑟) = −
𝐺𝑀
𝑟 (1 + 𝛾)
[1 + 𝛾𝑒
−𝑟/𝜆
] , (39)
where 𝛾 determines the strength of the Yukawa potential
relative to the Newtonian potential.
The constant 𝛾 and the range 𝜆 of the Yukawa potential
must be determined by experimental tests. The rotation
curves of the major number of galaxies are reproduced with
𝛾 = −0.92 and 𝜆 = 20–30 kpc, which requires that m ∼
10
−26 eV/c2 [19, 20]. The maximum length scale of galaxies
is in some way determined by 𝜆. On scales larger than 𝜆
the repulsive Yukawa potential cuts off and the attractive
Newtonian potential remains, which allows the formation of
galaxy clusters.
It is worth noting that the gravitational potential present
here is not related with the Newtonian solutions discussed
in the work of Flanagan [21] and later work of Mannheim
[22]. The theory of conformal gravity with dynamical mass
generation considered by the authors leads to
𝑅 =
6𝜌
𝜑
2
0
𝑐
(40)
in vacuum, where 𝜌 is the source density. We can readily
see that this equation differs from (34) of massive conformal
gravity with the unitary gauge 𝜑 = 𝜑0 imposed.
5. Final Remarks
The theory presented here might play an important role
on both atomic and cosmological scales. The use of the
correct conformal quantization method may show that the
theory is renormalizable and unitary. At the same time,
the modified potential (39) seems to be a good candidate
to describe cosmological phenomena such as the galaxies
rotation curves.These issues are under investigation now.The
coupling of the theory with matter fields, which is important
for a complete description of the theory, will be investigated
in the future.
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